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Rough plan
e Data: (X,Y)
e /.4 criterion functions
e Spatial sign, rank, signed-rank: U, R and Q
® One sample case: Tests and estimates
® Several samples case: Tests
e Multivariate linear regression case: Tests and estimates

e Other approaches



Data and problem

e Data:
(X,Y)

where X is a n X g matrix of explaining variables and Y is a n X p matrix of response variables.

® The linear regression model

Y =XB+E

where 3 is a ¢ X p matrix of regression coefficients and E is a n X p matrix of unobserved

residuals.

e We assume that E is a random sample from a p-variate distribution with density function f(e)

centered/symmetric around the origin.

® Special cases: One sample, several samples case



Some important matrices

® Projection matrix
Px = X(X'X)"'X'

® Replace observations by their mean vector: Use P, = %1n1’n and transform

Y - P Y

e Sign-change matrix J: A diagonal matrix with diagonal elements +1:

If 2 is a random sample form a symmetric distribution then JE ~ E.

e Permutation matrix P is obtained by the identity matrix by permuting its rows and columns:

If &2 is a random sample then PE ~ E.



L1 criterion functions

e One can then also write

yi=0'%x;+e;, i=1,...,n.

o Ifwewritee; =y; — ,3/Xz', 1 = 1, ..., n, then the regular LS estimate minimizes the L2 criterion
function

ave{||ei||*} = ave{eje;}
e Consider the L criterion functions

ave{|[e:[},

ave{|le; — e;||}, and

ave{|le; —e;|| + ||e; + €5]|}.

See Hettmansperger and Aubuchon (1988).



Spatial sign, rank and signed-rank

e The multivariate spatial sign U;, multivariate spatial (centered) rank R.;, and multivariate spatial

signed-rank Q;, = = 1, ..., n are implicitly defined using the above three L criterion functions:
ave{lleill} = ave{Ules},
Savellle; —ell} = awe{Riei},anc
Javelller —ejll +llei tesll} = ae{Qled

o fU(e) =|le|| 'eife # 0and 0ife = 0 then

UZ‘ = U(ei),
R, = ave;j{U(e; —e;)}, and
1
Qi = §avej{U(ez' —e;) +U(e; +e;)}

e Univariate case: regular sign, rank and signed rank.



X 2

X 2

1.0

0.5

0.0

-1.0

Figure 1: Bivariate scores: original data.
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Figure 2: Bivariate scores:
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Figure 3: Bivariate scores: shifted data.
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The scores which we use

e Let T(y) be a p-vector valued score function: For the statistical analysis of the data, we often

transform

e Identity score T(y) =y

e Spatial sign score U(y)

e Spatial rank score R(y) = ave,; {U(y —y,)}

e Spatial signed-rank score Q(y) = %avej{U(y —yvi)+ Uy +y,)}

e Optimal score function L(y) = Vlog f(y)
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One-sample testing problem: General strategy

e We assumethat Y = (yl, ey yn)’ is a random sample from a distribution generated by
yi=p+e, 1=1..n,

where €; ~ —e;. We wish to test the null hypothesis Hp : p = 0 and estimate the unknown ft.

The test and estimate is based on an odd score function T (y ).

® The test statistic is obtained as follows:
Y - T - QXY)=1,T(T'T) 'T'1,
® The test statistic is not affine invariant in general: It is not necessarily true that

Q°(YA) = Q*(Y), forall A
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e The p value obtained from an asymptotic distribution or using an exact sign-change version of the

test.

e Under the sequence of alternatives H,, : u = n_1/25,
Q° —a xo(6'ABTAJ)

where

A = E{T(ei)L(e;)'} and B = E {T(e;)T(e;)"}.

e Let J be a sign-change matrix (a diagonal matrix with diagonal elements #=1). Then the p value

from an exact test is obtained as

Ex [1(Q*(3Y) > Q*(Y))]

where J is uniformly distributed over all 2" different cases.
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One-sample testing problem: Inner standardization

e Find positive definite symmetric (scatter matrix) S such that if
Ti = T(S_l/Qyi), 1= 1, ey 1,

and

then
T'T 1,
® The test statistic is obtained as follows:

Y - T — Q¥Ys V3 =1,T(T'T) 'T'1,

° Q2(YS_1/2) is an affine invariant version of the test statistic
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One-sample testing problem: Different tests
e Identity score: Regular Hotelling's 7°°
e Spatial sign score: Multivariate extension of univariate sign test
e Spatial rank score: Multivariate extension of univariate Wilcoxon signed-rank test.

® Inner centering is needed for the affine invariance of the sign and signed-rank tests
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Figure 4: 150 observations from N5 ((.2,0), I5). The second component is multiplied by c.
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One-sample testing problem: Liming efficiencies

Table 1. Asymptotic efficiencies of the sign test and the signed-rank test relative to Hotelling’s

T? under p-variate t distributions with 7 degrees of freedom for selected values of p and v.

Sign test Signed-rank test
dimensionp || v =3 v=6 vVv=00 v=3 v=6 vVv=0o0
1 1.62 0.88 0.64 1.90 1.16 0.95
2 2.00 1.08 0.78 1.95 1.19 0.97
4 2.25 1.22 0.88 2.02 1.21 0.98
10 2.42 1.31 0.95 2.09 1.22 0.99
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One-sample estimation problem: General strategy
e We assumethat Y = (yl, ey yn)’ is a random sample from a distribution generated by
yi=p+e, 1=1,....n,
where e; ~ —e;. We wish to estimate unknown ft¢.

e The location estimate [t is determined by the estimating equation

e Under general assumptions
Vi —p) = A7 Vnae{T(e;)} +op(l) —a Np(0,A"'BA™)

e One sample case: A" "BA ™! is reduced to o (identity), [4f* ()] ™" (sign) and
[12([ f*(y)dy)?]~" (signed-rank).
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One-sample location estimates

e Identity score: The sample mean vector which minimizes

> llyi — wll?
=1

e Spatial sign score: The sample spatial median which minimizes

> llyi = pl]
=1

e Spatial signed-rank score: The sample spatial Hodges-Lehmann (HL) estimator which minimizes
mn mn
Y o> lyi+ys —2ul]
i=1 j=1

e The spatial median and HL estimate can be made affine equivariant using
transformation-retransformation (TR) technique - that is - simultaneous estimation of location and

scatter
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Simultaneous estimates for location and scatter

e Find £t and S such that if

and
then

’i"ln —0 and T'T I,

e Then [t and S are location and scatter estimates corresponding to the score function T'.
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Algorithms for the spatial median

e The Weiszfeld algorithm for the spatial median

ave{U(y; — )}
ave{||ly: — pl|}

po— p+

e Hettmansperger-Randles estimate: One iteration step (as in M-estimation) updates first the

residuals, then the location center, and finally the scatter matrix as follows.

1.
€e;, <— S_1/2(y7; — /J), 1= 1, ey N
2.
S/2 ave{U(e;)}
poe— p+ -
ave{|le:|[ =}
3.

S — pS'?ave{U(e;)U(e;)'} SY2.
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Figure 5. A sample of from a bivariate normal distribution: Estimates with 95 % confidence

ellipsoids.
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Figure 6: A sample from a bivariate normal distribution: Estimates with 95 % confidence ellip-

soids.
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Figure 7: A sample from a trivariate ¢35 distribution: Estimates with 95 % confidence ellipsoids
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Figure 8: A sample from a trivariate ¢35 distribution: Estimates with 95 % confidence ellipsoids
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Several samples testing problem: Model

e The data are given in the form
(X,Y)

where X is an n X ¢ matrix indicating the group/sample membership.

e \We assume that
Y =Xp+E

where pt is the ¢ X p matrix giving the group centers ., ..., .. We wish to test the null

hypothesis Ho : p; = ... = ..
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Several samples testing problem: General strategy
e Choose fisothat S T(y; — ft) = Oandwrite T; = T(y; — ft), i =1, ..., n.
e Transform
Y = (y1,yn) — T — QQZn.w(CﬁPXTxTﬁu”)
where Px = X(X'X) "X,
e Assume that %X’X — . Under the null hypothesis Pillai’s trace
Q2 —d X?c—l)p
e For permuted observations, we obtain
Q%PY):wytr«TTﬂPXPTxTﬁn*ﬁ
and the p value from an exact (conditionally distribution-free test) is

Ep [1(Q°(PY) = Q*(Y))]
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Several samples testing problem: Approximate power

e Write \; = lim(n;/n),7 = 1, ..., c. Consider the alternative sequence
Hy,: p, = “_|_n—1/252_, 1=1,...,c

where Z A;0; = 0. Then the test statistic Q2 has a limiting noncentral chi squared distribution

with (¢ — 1)p degrees of freedom and noncentrality parameter
&
> X (ABT'A)S..
i=1

o |f
Y =A+E, whereA'l, =0

then the approximate distribution of Q2 is a noncentral chi squared distribution with (c — 1)p

degrees of freedom and noncentrality parameter

tr (A'PxA)(AB™'A))
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Several samples testing problem: Different tests
e |dentity score: Regular MANOVA (Pillai’s trace)
e Spatial sign score: Multivariate extension of classical Mood’s test
e Spatial rank score: Multivariate extension of classical Kruskal-Wallis test (Wilcoxon rank-sum test).

e Note that no inner centering is needed for the rank scores. The tests based on spatial signs and

ranks are not invariant - they can again made invariant by using inner standardization.
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Multivariate regression: Testing problem |

e Consider the linear regression problem where
Y =XB+E

where X is a full-rank matrix of g explaining variables and 3 is the ¢ X p matrix of regression

coefficients. We first wish to test the null hypothesis Hp : 3 = 0, that is, 1ID vs given structure.
e We assume that - X'X — D.

o Write
Ti = T(yz) and TZ(,B) = T(yz — ,B/XZ‘), 1= 1, ey L
and
T = (T1,...Ts) and T(8) = (T1(8), ... Tu(B))"

e The test statistic (starting from n =/ 2T’ X)
Q> =n-tr (T'PxT)(T'T)™")

has, under the null hypothesis a limiting ijq distribution.
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Multivariate regression: Estimation problem
e Consider the linear regression problem
Y = X8+ E.
We first wish to estimate unknown g X p matrix 3,

® The estimate B based on score function T solves
T(8)X =0

® The connection between the estimate and test:

V(B - 8) = A~ (=T(BX) D+ 0p(1)

e Then, under general assumptions,
\/ﬁvec(,é —B) —a Ny (0, D '® A_lBA_l)

where A and B are as before
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Multivariate regression: Different estimates

e Identity score: The regular LS estimate which minimizes

S i - B/l
=1

e Spatial sign score: The multivariate least absolute deviation (LAD) estimate which minimizes

S llys - @'l
=1

e Spatial rank score: The multivariate mean difference (MD) estimate which minimizes

Dy = B'%i) — (v — B'%))l

i=1 j=1
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Multivariate regression: Equivariance of the estimate

e The estimate B = B(X, Y ) should have the following equivariance properties.

1. regression equivariance:
B(X, XH+Y)= B(X, Y) + H for all full-rank matrices H
2. Y equivariance:
B(X, YW) = B(X, Y )W for all full-rank matrices W
3. X equivariance:
B(XV, Y) = V_l,é(X, Y) for all full-rank matrices V

® The regular LS estimate is equivariant. The LAD and MD estimate can be made affine equivariant

using transformation-retransformation (TR) technique.
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Algorithms for the LAD estimate

® An iteration step for an algorithm for the LAD estimate updates the residuals and the estimate as

follows

1.

/ .
e, — Yi—Pxy, 1=1,...,n

B — B+ [ave{|les]| 'xix}}] ave{x;U(e;)'}

e Invariant estimate: First the residuals, second the estimator matrix, and finally the residual scatter

matrix are updated as follows.

1.
e;, «— S_l/Q(yi — IB/Xz’), 1= 1, ey N
2.
-1 /11 Nal/2
B «— B+ [ave{||e¢H xixi}] ave{x,;U(e;) }S
3.

S «— pSY?ae{U(e;)U(e;)'} S'/2.
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Multivariate regression: Testing problem Il

e Consider next the partitioned model

Y = X108, + X208, + €

where X1 (resp. X2)isan X g (resp. n X g2) matrix. We wish to test the null hypothesis

e Firstinner centered scores
T — T(Bl? O)
such that TX; = 0. Write also X» = (I, — Px, )Xo.
e Then the test statistic
Q°=n-tr (T/PXQT(T’T)_1>

has an approximate chi square distribution with g2p degrees of freedom.
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The use of scatter matrices

e The scatter matrix estimates S based on the sign and rank scores estimate the covariance matrix

(up to a constant) in the case of elliptic distribution
e Estimates S have good efficiency and robustness properties

® Possible uses: PCA, ICA, CCA, tests for sphericity, tests for ellipticity, etc.
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Multivariate nonparametrical methods - other approaches
e Our approach (based spatial signs and ranks) uses
ave {||e;[|} and ave{|le; —e;|[}
and produces orthogonal invariant/equivariant but not scale.
® An approach based on marginal signs and ranks uses
ave {|ei1]| + ... + |eip|} and ave{|ei1 —ej1| + ... + |eip — €jp|}
See Puri and Sen (1971).

e Third approach based on affine equivariant signs and ranks uses

ave {V(0,€;,,...,e,)} and ave{V(ei,....ei )}

where
1 1
V(ei,...,ei, ) = abs { det
€, ez-p+1
is the volume of the simplex with vertices €;, ..., €; ., (multiplied by pl). See Oja (1999).
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Software for sign and rank methods
e MINITAB software
® R-package exactRankTests: wilcox.exact, perm.test
® R-packages quantreg, mblm, gimRob

e R-functions (www.r) for rank-based analyses of linear models (Terpsta & McKean (2005), J Statist.
Software, 14,7):

http://ww. stat.wm ch. edu/ nckean/ HMC/ Rcode/

® R-packages for multivariate sign and rank methods ICSNP, SpatialNP, MNM
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